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Abstract
An interior point of a "nite point set is a point of the set that is not on the boundary of the
convex hull of the set. For any integer k¿ 1, let g(k) be the smallest integer such that every
set of points in the plane, no three collinear, containing at least g(k) interior points has a subset
of points containing exactly k interior points. We prove that g(1)= 1; g(2)= 4; g(3)¿ 8, and
g(k)¿ k+2; k¿ 4. We also give some related results. c© 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction
Throughout the paper we consider only planar point sets in which no three points are
collinear. For such a point set P we distinguish its vertices, which lie on the boundary
of its convex hull, from the remaining interior points. In 1935, Erdo˝s and Szekeres
[2] proved that for every t¿3 there is a number f(t) such that every set P of at least
f(t) points, no three collinear, contains a subset of points whose convex hull contains
precisely t vertices. The convex set may contain additional interior points. Somewhat
surprisingly, Horton [3] has shown that it is not possible in general to specify both
the number of hull vertices and number of interior points: there exist point sets with
arbitrary size and no subset with t vertices and zero interior points, for each t¿7. In this
paper we ask whether it is possible to specify the required number of interior points,
leaving the number of vertices unspeci"ed. Speci"cally, we investigate the question of
when P contains a subset of points whose convex hull contains precisely k interior
points of P. For any integer k¿1 let g(k) be the smallest integer such that every
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set of points in the plane, no three collinear, containing at least g(k) interior points
has a subset whose convex hull contains exactly k interior points. We will show that
g(1)= 1 and g(2)= 4. We do not know if g(k) is "nite for k¿3.
Let {v1; v2; : : : ; vm} be the vertices and {p1; p2; : : : ; ps} be the interior points of a
point set P. When indexing a set of t points, we identify indices modulo t. We de"ne
f(m; k) to be the smallest integer such that every point set with m vertices and at least
f(m; k) interior points has a subset of points whose convex hull contains precisely k
interior points of P. Clearly
g(k)= sup
m
f(m; k):
To investigate f(m; k) it is useful to consider de5cient point sets P=P(m; s; k),
which are sets with m vertices and s interior points which do not contain a subset
of points with precisely k interior points. It is trivial to construct de"cient point sets
when s¡k, so we assume s¿k¿1 throughout the paper. The existence of a de"cient
point set P(m; s; k) implies that f(m; k)¿s+1 and hence, g(k)¿s+1. The following
theorem gives some bounds on f(m; k).
Theorem 1. (a) f(m; k)¿k + 2, for m¿k + 1¿3.
(b) f(m− t; k)6f(m; k)6f(m− t; k) + f(t + 2; k)− 1, for m− 3¿t¿1; k¿1.
(c) f(3; k)6f(m; k)6 (m− 2)f(3; k)− m+ 3; for k¿1:
(d) If P contains a subset with k¿2 interior points; then it contains a convex t-gon
with exactly k interior points and t6 2k.
From the de"nitions of f and g, Theorem 1(a) implies that g(k)¿k + 2 for each
k¿2. Theorem 1(c) motivates the study of the case m=3, since it implies that f(m; k)
is "nite for m¿4 if and only if f(3; k) is "nite. Theorem 1(d) implies that if f(m; k)
is "nite, the desired convex subset can be found with at most 2k vertices. The next
two theorems give exact values of g(k) when k =1 and 2, respectively.
Theorem 2. Let p be an interior point of a planar point set P. There exists a triangle
in P containing only p; that is g(1)= 1.
Theorem 3. Every planar point set with m¿3 vertices and at least 4 interior points
contains a triangle or a convex quadrilateral with 2 interior points; that is g(2)= 4.
In particular; when m=3; there exists a triangle with 2 interior points.
Fig. 1 shows that for m=4, a quadrilateral is sometimes necessary. There are de"-
cient point sets P(3; s; 3) for 46 s6 7, so g(3)¿f(3; 3)¿8. Figs. 2(a) and (b) show
P(3; 4; 3) and P(3; 7; 3), respectively. Although we do not know if g(k) is "nite for
k¿3, we can prove the following weaker results.
Theorem 4. Every planar point set with at least k interior points contains a convex
subset with between k and 3k=2 interior points.
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Fig. 1. No triangle contains 2 interior points.
Fig. 2. (a) P(3; 4; 3). (b) P(3; 7; 3).
Corollary 5. Every planar point set with at least 3 interior points contains a convex
subset with either 3 or 4 interior points.
It might be expected that this corollary would be useful in determining g(3), but its
usefulness seems to be limited by the existence of de"cient point sets P(m; 4; 3) for
m¿3 (see Section 2).
2. Proofs
To prove the results we will make use of the following lemmas:
Extension Lemma. Every de5cient point set P(m; s; k) can be extended to a de5cient
point set P(m+ 1; s; k).
Proof. Let P=P(m; s; k) and let v be any vertex. Place a new convex hull vertex u
near v such that the remaining points of P are in the same angular order about u as
they are about v creating the point set Q. If Q has a convex subset with k interior
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Fig. 3. Shaded area are empty.
points, this subset must contain vertex u. By the order condition, u can be replaced by
v creating a subset of P with k interior points, a contradiction. Hence Q is a de"cient
point set P(m+ 1; s; k).
Using the Extension Lemma, we can extend the examples of the previous section to
see that there are de"cient point sets P(m; s; 3) for each choice of m¿3 and 46 s6 7.
Reduction Lemma. Let P be a planar point set with m¿3 vertices and s¿0 interior
points. There exists a point vi on the convex hull of P, s.t. P′=P\{vi} has m′
vertices; s′ interior points and either:
(a) m′=m− 1 and s′= s or
(b) m′=m+ t and s′= s− t − 1; where t=0; 1; : : : ; s=m.
Proof. If there is a triangle Jvi−1vivi+1 of P containing no interior points, we can
delete vertex vi and case (a) applies. We assume therefore that each of these trian-
gles contains an interior point. Take the closest point to each of the m edges of the
boundary of the convex hull of P. Suppose "rst that one point u is closest to two
consecutive edges vi−1vi and vivi+1. Since Jvi−1vivi+1 is non-empty, u must lie in this
triangle. If we delete vi, u becomes a new vertex and (b) holds with t=0. Otherwise
we have m distinct closest points. Look at the triangles formed at each vertex with its
two neighbouring closest edge points. An example for m=5 is given in Fig. 3. By
the pigeon hole principle, some triangle T has at most (s − m)=m interior points.
Let vi be the vertex of P de"ning this triangle, and let P′=P\{vi}. Since
Jvi−1vivi+1 is non-empty, at least one point of triangle T (interior point or vertex)
must be on the convex hull of P′. On the other hand, the only new points that can
appear on the convex hull of P′ are the vertices or interior points of T , which number
at most 2 + (s−m)=m. Therefore the net increase in convex hull vertices is at most
1 + (s− m)=m= s=m.
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Theorem 1. (a) f(m; k)¿k + 2; for m¿k + 1¿3.
(b) f(m− t; k)6f(m; k)6f(m− t; k) + f(t + 2; k)− 1; for m− 3¿t¿1; k¿1.
(c) f(3; k)6f(m; k)6 (m− 2)f(3; k)− m+ 3; for k¿1:
(d) If P contains a subset with k¿2 interior points; then it contains a convex t-gon
with exactly k interior points and t6 2k.
Proof. (a) We "rst exhibit de"cient point sets P(k + 1; k + 1; k) for each k¿2. Let
P be a set of 2k + 2 points constructed from an equilateral (k + 1)-gon by placing
an interior point near to the midpoint of each of its edges. If we delete any vertex v
of P, we are left with a convex (k + 2)-gon, P\{v} containing k − 1 interior points.
Therefore we cannot "nd a subset of P with k interior points. Hence, P is a de"cient
point set P(k + 1; k + 1; k). By repeated application of the Extension Lemma, we can
extend this example to a de"cient point set P(m; k + 1; k) for any m¿k + 1.
(b) To show the upper bound, consider the (m − t)-gon v1; v2; : : : ; vm−t and the
(t + 2)-gon v1; vm−t ; vm−t+1; : : : ; vm. The required convex subset will be found if either
the (m− t)-gon contains at least f(m− t; k) interior points, or the (t+2)-gon contains
at least f(t + 2; k) interior points. One of these two cases must occur if P contains
f(m− t; k) + f(t + 2; k)− 1 interior points.
For the lower bound, by applying the Extension Lemma t times, a de"cient point
set P(m− t; s; k) can be extended to a de"cient point set P(m; s; k).
(c) To show the upper bound, create a star triangulation of P by joining hull vertex
v1 to each of the other hull vertices, creating m − 2 triangles. The required convex
subset will be found if any of the triangles contains at least f(3; k) interior points.
This will occur if P has at least (m− 2)(f(3; k)− 1) + 1 interior points.
The lower bound is just part (b) with t=m− 3.
(d) Choose a convex subset with the minimum number t of vertices, u1; : : : ; ut ,
that has precisely k interior points, and assume, by contradiction, that t¿2k + 1¿5.
Consider the t triangles Jui−1uiui+1. No three of these triangles can have an interior
point in common. Furthermore, if for some i, Jui−1uiui+1 does not contain an interior
point, we could delete ui, reducing t by one. Since each interior point lies in at most
two triangles, t6 2k contradicting our assumption.
Theorem 2. Let p be an interior point of a planar point set P. There exists a triangle
in P containing only p; that is g(1)= 1.
Proof. Let p be an interior point of P. Consider a minimum area triangle T =Jabc,
with vertices from P, that contains p. We claim that T contains no other interior
point. For otherwise, if q is another interior point of T , extend the half line qp until
it intersects an edge, say ab, of T . Now Jabq contains p, and has smaller area than
T , a contradiction.
Before proving Theorem 3, we "rst give the following lemma. An interior point of a
triangle T is called a (x; y; z)-splitter of T if it partitions T into triangles with x¿y¿z
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Fig. 4. p3; p4 lie inside shaded area.
interior points, respectively. In case z=0, we abbreviate this to (x; y)-splitter. Note
that this will happen if the splitter is the closest point to one of the edges of T .
Lemma 1. f(3; 2)6 4.
Proof. Let P be a point set with three points v1; v2; v3 on the convex hull and s¿4
interior points, p1; p2; : : : ; ps. We consider several cases, and in each show that a
triangle can be found containing precisely two interior points.
Case 1: s=4. If some interior point is a (2; 1)-splitter we are done. Otherwise, since
the closest point to each edge of the convex hull is a (3; 0)-splitter, there must exist
at least two distinct (3; 0)-splitters, say p1 and p2. Let L be the line through p1 and
p2. Label the points so that L intersects edges v1v2 and v1v3, and so that p1 is closer
to v1v2 than p2 is, as in Fig. 4. The remaining interior points p3 and p4 must lie
in both Jv1p1v3 and Jv1p2v2. If they both lie on the same side of the line as v1,
then Jv1p1p2 contains precisely these two points. If they both lie on the same side of
the line as v2, then Jv2p1p2 contains the two points, since Jv2p2v3 is empty. Now
suppose p3 lies on the same side as v1 and p4 lies on the same side as v2. Either
Jv1v2p4 contains p1 and p3, or Jv1v3p4 contains p3 and p2.
Case 2: s=5. If some interior point of P is a (2; 1; 1)- or (2; 2)-splitter, we are done
immediately, and if it is a (4; 0)-splitter we are done by Case 1. We can therefore
assume that every interior point of P is a (3; 1)-splitter. There is one interior point,
say p1, such that there are two other interior points on each side of the line v1p1.
Since p1 is a (3; 1)-splitter, Jp1v2v3 contains three interior points. We may assume
without loss of generality that two of them, say p2 and p3 lie on the same side of the
line v1p1 as v2, and the other one, say p4 lies on the other side. The remaining point,
p5 lies in Jv1p1v3. If p4 is a (2; 0)-splitter of Jp1v2v3 we are done, so it must be
a (1,1)-splitter (see Fig. 5). Let p2 be the point in Jp1p4v2. Now if p5 lies on the
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Fig. 5. p5 lies in Jv1p1v3.
same side of the line v1p4 as v3, then Jv1p4v2 contains the two points p1 and p2.
Otherwise Jv1p4p2 contains the two points p1 and p5.
Case 3: s=6. Take any zero splitter. If it is a (3; 2)-splitter we are done immediately,
otherwise it is a (4; 1)-splitter or (5; 0)-splitter reducing to Case 1 or 2, respectively.
Case 4: s=7. If some interior point is a (4; 2)- or (3; 2; 1)- or (2; 2; 2)-splitter we are
done immediately. Moreover, if it is a (4; 1; 1)- (5; 1)- or (6; 0)-splitter we may reduce
the problem to Case 1, 2 or 3, respectively. So we may assume every interior point is
a (3; 3)-splitter. It follows that for some edge of the triangle, say v1v2, there exist at
least two interior points p1; p2 such that Jp1v1v2 and Jp2v1v2 are empty. We may
label the two interior points so that p1 lies in Jv1p2v3. Since p1 is a (3; 3)-splitter,
Jp1v1v3 contains three interior points, and so Jv1p2v3 contains at least four interior
points, contradicting the assumption that p2 is a (3; 3)-splitter.
Case 5: s¿8. Choose a (x; y)-splitter with x + y= s− 1; x¿y. Then
s− 1¿x¿
⌈
s− 1
2
⌉
¿4;
so we reduce to a smaller case.
Theorem 3. Every planar point set with m¿3 vertices and at least 4 interior points
contains a triangle or a convex quadrilateral with 2 interior points; that is g(2)= 4.
In particular; when m=3; there exists a triangle with 2 interior points.
Proof. The inequality f(m; 2)¿4 follows from Theorem 1(a), and the inequality
f(3; 2)6 4 holds by Lemma 1. We prove the upper bound for m¿4 by induction
on m.
Consider Jv1v2v3. If this is empty we delete v2 obtaining a point set with m − 1
vertices and the same number of interior points. If the triangle has two interior points
we are done immediately. If it has at least four we are done by Lemma 1. If it has
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three interior points, consider the closest point u to edge v1v2. If u is a (2,0)-splitter we
are done, else u is a (1,1)-splitter. In this case we delete v2 and the point in Juv2v3,
and relabel u to be v2. It now follows that Jv1v2v3 contains exactly one interior point.
Now we "nd the "rst non-empty triangle T =Jv1vivi+1, with i¿3. This must exist
since we started with at least four interior points. If T has either two, or more than four
points, we are done as before. If it has one point, then the convex polygon v1v2 : : : vi+1
has two interior points. Finally if T has three points, we take the closest interior point
w to edge v1vi+1. Like u, it must be a (1,1)-splitter or we are done. Now v1v2 : : : viw
is convex with two interior points.
Theorem 4. Every planar point set with at least k interior points contains a convex
subset with between k and 3k=2 interior points.
Proof. Let Q be the smallest cardinality subset of P with at least k interior points.
Suppose Q has m vertices and s interior points. If s¿ 3k=2 we use the Reduction
Lemma to get a contradiction. Indeed this is immediate if (a) holds in the lemma. So
suppose (b) holds. Since m¿3, and s¿3k=2+1, we "nd a point set P′ with at least
s− s=m − 1¿s− s=3 − 1= 2s=3 − 1¿
⌈
23k=2+ 2
3
⌉
− 1¿k
interior points. This is a contradiction to the choice of Q.
Note in Proof. In [1] we improved the lower bound on g(k) by exhibiting point sets
with (3k + 1)=2 interior points and no convex subset containing either k or k + 1
interior points, implying that g(k)¿ (3k + 3)=2.
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